Abstract. Let U be the unit disc of the complex plane. We consider the problem of reconstructing a function f in the Hardy space
Introduction
Let U be the open unit disc of the complex plane C and let H 
where {µ (m) n } is a bounded set of complex numbers. Problem (1) has given rise to a huge literature. The reader is referred, e.g., to the monographs [2, 3, 6, 12] and the references therein. In fact, the unknown function f is often approximated by polynomials (especially, by Lagrange polynomials, see, e.g., [2, 12] ) and by rational functions (see [6, 9, 12] ).
On the other hand, problem (1) is ill-posed. In fact, the data µ (m) n in the right-hand side of (1) are given by measurements (or by rounding). Hence, the data are affected with errors. As a consequence, a solution of problem (1) corresponding to noise data does not always exist. Moreover, solutions, even when they do exist, do not depend continuously on the given data. Thus, the problem is intractable numerically and hence one has to resort to a regularization. In our recent results [1, 5, 8, 11 ] the ill-posedness of the problem was considered. We also refer to [6] in which a function f in the disc algebra A(U ) is approximated by a sequence of functions constructed from noise data and called a robustly convergence identification algorithm.
The present paper deals with a regularization of problem (1) based on an approach of approximating (in where
This fact fails if C(U ) is replaced by H 2 (U ) (see, e.g., Counterexample in Section 2). Moreover, condition (3) is very strict. In our paper, the point system {z (m) n }, in general, does not satisfy (3) . Note that the present approach, to our knowledge, is new. In [1, 5] are not mutually distinct and if at these points we know not only the values of f but also the values of higher derivatives of f , then we can use the "truncated" Lagrange-Hermite polynomials to approximate the function f .
The remainder of our paper is divided into two sections. In Section 2, we shall state our main results and establish a counterexample. In Section 3, we shall prove the results stated in Section 2.
Notations, main results and counterexample
We put
where ω m is as in (4), ν = (ν 1 , ..., ν m ) and put
We first state necessary conditions for the convergence of truncated Lagrange polynomials in H 2 (U ).
where (5) and
Theorem 1 implies the following
Counterexample. We shall show that the Kalmár-Walsh theorem does
It follows that lim m→∞
n } is uniformly distributed in U . On the other hand,
To state sufficient conditions for the convergence of the truncated Lagrange polynomials, we shall consider point systems {z (m) n } satisfying some properties. Letting σ ∈ (0, 1), we put
We denote by F σ the set of point systems {z
lim m→∞ π m = 1 (8) where card A m is the number of elements of A m and
Condition (7) means that almost of points of the system {z
n } concentrate in the disc with radius σ centered at 0, and condition (8) 
For 0 ≤ θ ≤ 1 we put
We can verify that φ is continuous and strictly increasing in [0, 1]. Moreover,
Hence, in this case, there exists uniquely a θ 0 ∈ (0, 1) such that
Now, we have 
for every point system {z
for m > m(θ, δ) where [x] is the greatest integer not exceeding x.
(ii) If 0 < σ < The theorem shows that 0 < σ < 1 2 is a crucial condition for the convergence of truncated Lagrange polynomials.
Finally, to get the regularization result in the case of noisy data, we set some notations. Namely, we put
Finally, put
It is clear that m(ε) → ∞ as ε ↓ 0. Using the above notations, we have
Theorem 3. Let ε > 0, 0 < σ < 1 2 , 0 < θ < θ 0 and φ(θ) < δ < 1. Assume that µ = (µ (m) n ) satisfies sup m max 1≤n≤m f (z (m) n ) − µ (m) n ≤ ε.
Then there is an
ε 0 (δ, θ) such that, for every 0 < ε < ε 0 (δ, θ) and f, f ∈ H 2 (U ), f − L θ m(ε) (T m(ε) (µ)) ≤ ε 1 2 + δ m(ε) m(ε)θ + 1 f + f (m(ε) − 1)θ where T m (µ) = µ (m) 1 , ..., µ (m) m .
Proofs
In this section, we shall give the proof of Theorems 1 -3. 
On the other hand, we have
Combining the latter equality with (14) completes the proof of Theorem 1
Proof of Theorem 2. We shall give the proof of the following three cases: We put
For m ≥ 3, we have A m = {1, m} (card A m = 2). Hence, the point system {z
n } satisfies (7) - (8) (ii) The Case 0 < σ < 1 2 and θ 0 < θ < 1. We construct a point system {z
(U ) for every θ 0 < θ < 1. In fact, we shall argue as in the foregoing case. For any σ ∈ (0, n } satisfies (7) - (8), i.e. it is in F σ . One has j∈1,m\{m} 
Hence, lim sup m→∞ j∈1,m\{m}
Using Theorem 1, we can find an f ∈ H
Since
where l (m) k are constants. Substracting (17) from (16) gives 
We shall estimate δ 
